Effective Grothendieck-Witt motives of smooth varieties by Druzhinin, Andrei
ar
X
iv
:1
70
9.
06
27
3v
5 
 [m
ath
.A
G]
  2
8 M
ar 
20
18
EFFECTIVE GROTHENDIECK-WITT MOTIVES OF SMOOTH VARIETIES.
ANDREI DRUZHININ
Abstract. The category of effective Grothendieck-Witt-motives DMGWeff,−(k) is defined. The
construction starts with the category of GW-correspondences over a field k. In the case of an
infinite perfect base field k such that char k 6= 2 using the Voevodsky-Suslin method we compute
the functor MGW
eff
: Smk → DM
GW
eff,−(k) of Grothendieck-Witt-motives of smooth varieties and
prove that for any smooth scheme X and a homotopy invariant sheaf with GW-transfers F
Hom
DM
GW
eff,−
(k)(M
GW
eff (X), F [i]) ≃ H
i
nis(X,F )
naturally in X and F .
1. Introduction.
1.1. Categories of GW-motives and Witt-motives. In this article we construct the categories
of effective GW-motives DMGWeff,−(k) and Witt-motives DM
W
eff,−(k) over an infinite perfect field
k, char k 6= 2. The construction is done by the Voevodsky-Suslin method originally used for the
construction of the triangulated category of motives DM(k) and effective motives DM−eff(k) ([21],
[22], [15]).
According to the Voevodsky-Suslin method the starting point is some additive category of cor-
respondences between smooth schemes. In the case of GW-motives it is the category of so-called
Grothendieck-Witt correspondences GWCork and for the case of Witt-motives it is the category of
Witt-correspondences WCork. Morphisms in these categories are defined by classes of quadratic
spaces in the same category as the one used in the definition of K0-correspondences studied by
Walker in [23] and by Garkusha and Panin in [14] and [13]. Namely, we consider the full sub-
category P(X,Y ) of the category of coherent sheaves on X × Y spanned by such sheaves P that
SuppP ⊂ X × Y is finite over X and the direct image of P on X is locally free. To define the
notion of quadratic space we consider the category P(X,Y ) with the duality functor defined by
Hom(−,O(X)).
If we have the category of effective motive DMGWeff (k) (or DM
W
eff(k)) equipped with a tensor
structure, then we can define the category of non-effective motives DMGW(k) (DMW(k)) as the
homotopy categories of G∧1m -spectra in DM
GW
eff (k) (DM
W
eff(k)).
The category DMGW(k) gives a version of generalised motivic cohomology theory defined by
presheavesX 7→ HomDMGW(M
GW (X),ZGWtr(i)[j])) ≃ H
j
nis(X,ZGWtr(i)) for i ≥ 0, where ZGWtr(i) =
MGW (G∧im )[i]. It is written in [3] that if we consider the cohomology theory defined above with
Z[1/p] coefficients, p = char k, then it is isomorphic to the generalised motivic cohomology defined
by Calmes and Fasel in [5] with the same coefficients. And so the result of [11] states that both of
this categories are rationally isomorphic to the motivic homotopy groups, and corresponding cate-
gories of motives are rationally equivalent to SH(k)Q. Under this equivalence the computation of
the GW-motives of smooth scheme X presented here gives model for Ω∞GmΣ
∞
Gm
(X) in SH(k)Q. It is
important to note that the functor SH(k)→ DMGW (k) can be constructed explicitly applying the
reconstruction of SH(k) as the category of framed motives [12]
Key words and phrases. categories of motives, effective motives, sheaves with transfers, GW-correspondences,
Witt-correspondences.
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In [2] Ananievsky, Levine, Panin have constructed the category of Witt-motives via the category
of modules over the Witt-ring sheaf, and it is proved that this category satisfies Morel’s conjecture,
namely, it is such triangulated category that is rationally equivalent to the minus part SH−(k)Q
of the stable motivic homotopy category. Hypothetically constructed here category DMW(k) is
equivalent to the category of Witt-motives from [2], and so the result of this article gives a fibrant
replacements in this category.
1.2. The main result. According to the universal property of a category of motives, any category
of motives satisfying Nisnevich Mayer-Vietoris property and homotopy invariance property should
be defined as a localisation of some triangulated category with respect to the Nisnevich squares
and morphisms of the type X × A1 → X . In case of effective GW-motives, this triangulated
category is the derived category of presheaves with GW-transfers D−(Pre(GWCor)). The main
advantage of the Voevodsky-Suslin method is that it gives more explicit description of the category
of effective motives as the full subcategory of the derived categoryD−(Shnis(GWCor)) and provides
a computation of the motives of smooth varieties.
The main results we’ve proved in the case of GW-(Witt-)motives have almost the same formu-
lation to the original case of DM−eff except that we should consider sheafification of the presheaves
GWCor(−, X) in the formula for motive of a smooth scheme, since these presheaves aren’t sheaves.
Definition 1.1. The category of effective GW-motives DMGWeff,−(k) (or Witt-motives DM
W
eff,−(k))
over an infinite perfect field k, char k 6= 2, is the full subcategory of the derived categoryD−(Shnis(GWCor))
(D−(Shnis(WCor))) spanned by complexesA
• with homotopy invariant sheaf cohomologies hinis(A
•).
The functor MGW : Smk → DM
GW
eff,−(k) is defined as
(1.2) MGW (X) = HomD−(Shnis(GWCor))(∆
•, GWCornis(−, X)) =
[· · · → GWCornis(−×∆
i, X)→ · · · · · · → GWCornis(−, X)],
where ∆i denotes affine simplexes (see def. 5.3), GWCornis(−, X) denotes Nisnevich sheafification
of GWCor(−, X) equipped with GW-transfers in a unique possible way (see proposition 3.17).
Theorem 1.3. Suppose k is an infinite perfect field, char k 6= 2; then
a) (def. 4.1 and th. 5.8 points 1 and 2) the category DMGWeff,−(k) is equivalent to the localization
of the derived category D−(Shnis(GWCor)) in respect to morphisms of the form X × A1 → X,
X ∈ Smk, and the localization functor is isomorphic to
(1.4) C∗(−) = Hom(∆•,−) : D−(Shnis(GWCor)) → DM
GW
eff,−(k).
b) (theorem 5.8 point 3) there is a natural isomorphism
(1.5) HomDMGW
eff
(k)(M
GW
eff (X),F [i]) ≃ H
i
nis(X,F), i ≥ 0,
for any smooth variety X and homotopy invariant sheaves with GW-transfers F .
c) (proposition 4.3) There is a tensor structure on DMGWeff,−(k) such that
(1.6) MGWeff (X)⊗M
GW
eff (Y ) ≃M
GW
eff (X × Y )
for X,Y ∈ Smk.
Then one can define the category of (non-effective) GW-motives and Witt-motives by stabilisation
in respect to G∧1m = Gm/pt and using the cancellation theorem for GW-correspondences (Witt-
correspondences) deduce the isomorphism (1.5) for (non-effective) motives, though here we are
concentrated on the category of effective motives and we leave the cancellation theorem for further
works.
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1.3. About the method. Let’s present our result in the following abstract form
Theorem 1.7. Suppose Corvirt is a category enriched over abelian groups and such that objects of
Corvirt are smooth schemes over a base S, and there is a functor SmS → Corvirt, which is identity
on objects (Corvirt is a ringoid in sense of [13, def. 2.1]). Suppose in addition that for any essential
smooth local henselian scheme U over S the relations (SHI) and (NL) holds (see the next page for
(SHI) and (NL)).
Let DMCorvirteff,− (S) (and DM
Corvirt
eff (S)) be the localisation of D
−(Pretr) (and D(Pretr)) with
respect to Nisnevich quasi-isomorphisms (homomorphisms of complexes of presheaves such that in-
duced homomorphisms of germs are quasi-isomorphisms, see def. 3.3) and morphisms of the form
X×A1 → X, X ∈ SmS. Then DM
Corvirt
eff,− (S) (DM
Corvirt
eff (S)) satisfies the similar properties to the
points a,b,c of theorem 1.3.
The condition (SHI) is equivalent to the Strictly Homotopy Invariance theorem, which is proven
for GW- and Witt-correspondences in [8]. All what we need except (SHI) is condition (NL), and
the condition (NL) which is very easy to check. The assumptions (NL) and (SHI) are equivalent
to the definition of strictly A1-invariant V-ringoid without the second point [13, def. 2.4]. In fact,
we reduce both conditions from the definition of V-ringoid that deal with topology to one condition
(NL). The condition (NL) uses the correspondences between local schemes which are defined formally
as morphisms in the category of pro-objects of the category Corvirt, and for all known examples
such correspondences can be defined explicitly. It is easy to see that the condition (NL) holds for
any category of correspondences Corvirt with ”finite supports”, i.e. such a ringoid Corvirt that any
Φ ∈ Corvirt(X,Y ) can be represented as a composition X
Φ′
−→ Z
g
−→ Y , where Z is finite scheme
over X , Φ′ ∈ Corvirt(X,Z), and g is a morphism of schemes; so (NL) is true for all known examples
of ringoids studied by the Suslin-Voevodsky method. Moreover if we assume (SHI) and properties
a),b) from the theorem, then (NL) follows. Thus we get an easy criteria when the Voevodsky-Suslin
method is applicable 1.
To prove theorem 1.7 we consider the following commutative diagram of adjunctions 2 3
(1.8) D(Pre)
Ltr //

D−(Pretr)
Ltr
A1 //

Ftr
oo D−
A1
(Pretr)
Σ∞
Gm //

oo Ho(SpG∧1m D
−
A1
(Pretr))

oo❴ ❴ ❴
D−(Shnis)
Lnistr //
(1)
OO✤
✤
✤
D−(Shtrnis)
Lnis,tr
A1 //
OO✤
✤
✤
(2)
oo DMCorvirteff,− Σ
∞
Gm
//
OO✤
✤
✤
(3)
oo DMCorvirt
OO✤
✤
✤
oo❴ ❴ ❴ ❴ ❴ ❴
where Pretr = Pre(Corvirt), Sh
tr
nis = Shnis(Corvirt), Ftr is forgetful, Ltr is the left derived to the
left Kan extension, and Ltr
A1
is the localisation in respect to morphisms X ×A1 → X . The first row
exists for an arbitrary ringoid Corvirt by general arguments, and the category D
−
A1
(Pretr) always
satisfies the similar properties as in def. 4.1 and th. 5.8 (with presheaves instead of sheaves). The
second row is obtained by Nisnevich localisation form the first and the commutativity of the diagram
yields the required properties of DMCorvirteff,− .
The existence of the second row and the commutativity of diagram (1.8) is equivalent to the
exactness of the functors in the first row in respect to Nisnevich quasi-isomorphisms. The right
adjoint functors in the first row are Nisnevich exact for any Corvirt by a trivial reasons. The
Nisnevich exactness of the left adjoint functors follows from a good correlation of the Nisnevich
1It was explained to the author by G. Garkusha that there is another axiom instead of (NL) which can be used
to replace all axioms dealing with Nisnevich topology and this axiom doesn’t involve correspondences between local
schemes. So in different cases of Corvirt it can be easier to check different variants of this axiom.
2The third square relates to the cancellation theorem that is not subject of the article.
3In the case of bounded above derived categories there are only continuous (undotted) arrows of the diagram and
the dotted arrows exist in the case of unbounded derived categories.
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topology with the correspondences Corvirt and with the structure of the category with interval on
Smk:
1) Ltr is Nisnevich exact because of the equalities
Corvirt(U,X) =
⊕
x∈X
Corvirt(U,X
h
x ), (NL)
where U is local henselian and X ∈ Smk.
2) Ltr
A1
is Nisnevich exact because of the equalities
Hinis(A
1 × U,F) =
{
F(A1 × U) = F(U), i = 0,
0, otherwise,
(SHI)
where U is local henselian and F is a homotopy invariant presheaf with transfers; the equality (1.3)
is equivalent to the strictly homotopy invariance theorem proved in [8].
3) The commutativity of the third square follows from the equalities
Hinis(Gm × U,F) =
{
F(Gm × U), i = 0,
0, otherwise
for the same U and F as above; the last equality follows from the same excision isomorphisms proved
in [8] on which the proof of the strictly homotopy invariance theorem is based.
Let’s note that according to the standard variant of the Voevodsky-Suslin method to prove that
the category Shtrnis is abelian and that
(1.9) ExtShnis(Corvirt)(Ztr,nis(X),F) ≃ H
i(X,F)
we should present a construction of transfers on the Nisnevich sheafification and contracting homo-
topy for the complex · · · → Ztr(Un) → · · · → Ztr(U) → Ztr(X) for any X ∈ Smk and Nisnevich
covering U → X . Indeed at least in the case of GW- (Witt-) correspondences such construction
exists, see [7, remark 3.16] for the construction of transfers on the sheafification, but even in this
particular case this way is much longer and more technical. Let’s note also that there is a way
to proof the theorem for GW- and Witt-correspondences via the method of [13], since GW and
Witt-correspondences are strictly A1-invariant V-ringoid. The main feature of the proof presented
here is that it allows to separate general arguments and special properties of correspondences and
to concentrate multiple checks relating to Nisnevich topology in one easily checked criteria.
1.4. The text review. In section 2 we recall the definition of GW- and Witt-correspondences and
prove some elementary properties used in the next sections, in particular we prove relation (NL).
Sections 3 deals with the first square of (1.8). It is proven that for any correspondences satisfying
condition (NL) category Shtrnis is abelian and isomorphism (1.9) holds. Let’s note that formally we
should prove that Shtrnis is abelian before (1.9), because otherwise the terms of (1.9) are undefined.
Nevertheless, in section 3 we prove firstly equality (1.9) in some modified form that has sense in any
case (see lemma 3.10 and def. 3.3) and then we deduce both mentioned results simultaneously.
In section 4 we define the category DMCorvirteff,− as A
1-localisation of D−(Shtrnis) and define the
tensor structure on the category of motives.
Section 5 deals with the second square of (1.8). We prove that ”action” of affine line as an
interval in Smk induce a semi-orthogonal decomposition on the bounded above derived category
D−(Shtrnis) = 〈D
−
A1−inv(Sh
tr),D−
A1−contr(Sh
tr)〉, where D−
A1−inv(Sh
tr) is spanned by homotopy
invariant objects, and D−
A1−contr(Sh
tr) are generated by A1-contractable objects. So the category of
effective GW-motives DMCorvirteff,− is ”homotopy invariant part” of D
−(Shtrnis). This yields that the
category of effective motives defined in the previous section is equivalent to the one given by def.
4.1 and theorem 1.7.
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1.6. Notation. All considered schemes are a separated noetherian schemes of finite type over a
separated noetherian base unless otherwise noted, and Smk is category of smooth schemes over a
field k. We denote Coh(X) = CohX the category of coherent sheaves on a scheme X . We denote
by Z(f) the vanish locus of a regular function f on a scheme X . We use the symbols L and R for
the left and right derived functors. And let’s note that we always consider objects of an abelian
category as an objects in the derived category via the complexes concentrated in degree zero.
2. GW- and Witt-correspondences
In this section we recall definition of GW- and Witt-correspondences and prove some properties
used in next sections. All definitions are given over an separated noetherian base scheme S.
Definition 2.1. For a morphism of schemes p : Y → X let’s denote by Cohfin(p) (or Cohfin(YX))
the full subcategory of the category of coherent sheaves on Y spanned by sheaves F such that
SuppF is finite over X . Denote by P(p) (or by P(YX)) the full subcategory of Cohfin(Y ) spanned
by sheaves F such that p∗(F) is locally free sheaf on X .
For schemes X and Y over a base scheme S let
CohSfin(X,Y ) = Cohfin(X ×S Y → X), P
S(X,Y ) = P(X ×S Y → X).
Sometimes we omit the index S if it is clear from the context.
Remark 2.2. In the case of morphism of affine schemes Y → X , P(Y → X) is equivalent to the full
subcategory in the category of k[Y ]-modules with objects being finitely generated and projective
over k[X ].
The functors k[Y ]-mod → k[Y ]-modop : M 7→ Homk[X](M,k[X ]) for finite morphisms Y → X
of affine schemes, defines in a canonical way a functor
DX : Cohfin(YX)→ Cohfin(YX)
op
for any morphism of schemes Y → X . Moreover there for any morphism p : Y → X is a natural
isomorphism D2X ≃ IdCohfin(p) and the restriction of DX to the subcategory P(p) gives an exact
category with duality (P(Y → X), DX) (see [8, section 2] for details).
The tensor product of the coherent sheaves induce the functors of the categories with duality
(2.3) − ◦− : (PS(Y, Z), DY )× (P
S(X,Y ), DX)→ (P
S(X,Z), DX)
defined for any schemes X , Y and Z over the base S and natural in X,Y, Z.
Definition 2.4. The category GWCorS is the additive category with objects smooth schemes over
S and homomorphism groups defined as
GWCorS(X,Y ) = GW (P
S(X,Y ), DX)
where GW is Grothendieck-Witt-group of the exact category with duality, i.e. the group completion
of the groupoid of non-degenerate quadratic spaces (P, q) : P ∈ PS(X,Y ), q : P ≃ DX(P ).
The composition inGWCor is induced by functor (2.3), and identity morphism IdX = [(O(∆), 1)],
where ∆ denotes diagonal in X ×S X .
In the same way we define the category WCorS via the Witt-groups of the exact category with
duality, which are the factor-groups of GW such that classes of metabolic spaces are zero (see Balmer,
[4]).
6 ANDREI DRUZHININ
There is a functor Smk → GWCor (Smk → WCor) that takes a morphism f ∈ MorSmk(X,Y )
to the class of the quadratic space [(O(Γf ), 1)], where Γf ⊂ Y ×X denotes the graph of a morphism
f ∈ MorSmk(X,Y ), and 1 denotes the unit quadratic form on a free coherent sheaf of a rank one
on Γf ≃ X ,
As usual we call by a presheaf of abelian groups on SmS an additive functor F : SmS → Ab, i.e.
a functor such that F (X1 ∐ X2) = F (X1) ⊕ F (X2). A presheaf with GW-transfers is an additive
functor F : GWCorS → Ab, and similarly presheaves with Witt-transfers is an additive functor
F : WCorS → Ab. A homotopy invariant presheaf on SmS is a presheaf F such that the natural
homomorphism F(X) ≃ F(A1 ×X) is an isomorphism. A homotopy invariant presheaf with GW-
(Witt-)transfers is a presheaf with GW-(Witt-)transfers that is homotopy invariant as a presheaf on
SmS .
The homotopy invariant presheaves with GW-transfers and Witt-transfers satisfy following im-
portant properties:
Theorem 2.5 (see [6] theorem 1, for WCor; see [8] theorem 7.3, for GWCor). Suppose F is a
homotopy invariant presheaf with GW-transfers (Witt-transfers) and U is a local scheme over a
base filed k, then the restriction homomorphism F(U) → F(η) is injective, where η ∈ U is generic
point.
Theorem 2.6 (see [9] theorem 3, for Fnis in the case of WCor; see [8] theorem 8.3, theorem 8.5,
for hnis(Fnis), i ≥ 0 in both cases GWCor, WCor). Suppose F is a homotopy invariant presheaf
with GW-transfers (Witt-transfers) over an infinite perfect field k, chark 6= 2, then the associated
Nisnevich sheaf Fnis and Nisnevich cohomology presheaves hnis(Fnis) are homotopy invariant.
Finally we prove the equality (1.3) for GW- and Witt-correspondences, which is used in the next
section. Let’s recall the following definition, [13, def. 2.1]:
Definition 2.7. An additive category Corvirt with objects being smooth schemes and equipped
with a functor Smk → Corvirt, which is identity on objects, is called a ringoid.
Let’s rewrite equation (1.3) in the following abstract form
(2.8) Corvirt(U,X) =
⊕
x∈X
Corvirt(U,X
h
x )
for a ringoid Corvirt, essentially smooth local henselian U , and smooth X .
Definition 2.9. Given a morphism of schemes p : Y → X , let’s denote by Fin(p) a filtering ordered
set of closed subschemes in Y that are finite over X .
For any two schemes X,Y over some base scheme S, let FinS(X,Y ) = Fin(Y ×S X → X),
FinS(X) = Fin(X → S).
For any closed subscheme Z ′ ⊂ X and a local scheme U denote FinZ(U,X) the set of closed
subschemes Z ∈ FinS(X) such that red(Z ×U u) ⊂ Z ′.
Lemma 2.10. For any morphism of schemes Y → X
Cohfin(Y → X) ≃ lim−→
Z∈Fin(Y→X)
Coh(Z), P(Y → X) ≃ lim
−→
Z∈Fin(Y→X)
P(Z → X),
and the equivalences are compatible with the duality functors DX , so the second equivalence is equiv-
alence of categories with duality.
Lemma 2.11. For any scheme Z finite over a local henselian scheme U we have
PS(Z → U) =
∏
z∈Z
PS(Zhz → U),
and this decomposition is compatible with the action of endofunctors DU .
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Proof. The claim follows from lemma 2.10 and from that any finite scheme over local henselian
scheme splits into disjoint union of local henselian schemes. 
Proposition 2.12. The categories GWCorS andWCorS satisfy condition (2.8) for any base scheme
S, and a local henselian U , and a scheme X over S.
Proof. Indeed, the equality holds at the level of the categories (P(U,X),DX). Let u be the closed
point of U , then using equivalences from lemmas 2.10, 2.11 and notation above (def . 2.9) we get
P(U,X) = lim
−→
Z∈Fin(U,X)
P(Z → U) = lim
−→
Z∈Fin(U,X)
∏
z∈Z
P(Zhz → U) =
lim
−→
Z′∈Fin(X)
lim
−→
Z∈FinZ′ (U,X)
∏
z∈Z
P(Zhz → U) =
lim
−→
Z′∈Fin(X)
∏
x∈Z′
lim
−→
Z∈Finx(U,X)
P(Z → U) = lim
−→
Z′∈Fin(X)
∏
x∈Z′
P(U,Xhx ),
and consequently
GWCor(U,X) = GW (P(U,X)) = lim
−→
Z′∈Fin(X)
∏
x∈Z′
GW (P(U,Xhx )) =⊕
x∈X
GW (P(U,Xhx )) =
⊕
x∈X
GWCor(U,Xhx ).
and similarly for WCork. 
Further in the text we use the following notation
Definition 2.13. Let’s denote the representable presheavesZGW (X) = GWCor(−, X), and ZW (X) =
WCor(−, X), and denote by ZGW,nis(−), and ZW,nis(−) the associated Nisnevich sheaves.
3. Transfers for Nisnevich cohomolosies.
In this section we prove the commutativity of the first square in diagram (1.8), and deduce that
the category Shnis(GWCor) of sheaves with GW-transfers
4 is abelian, and there is a natural iso-
morphism ExtiShnis(GWCor)(ZGW,nis(X), F [i]) = H
i
nis(X,F ) for X ∈ Smk, F ∈ Shnis(GWCor),
and similarly for Witt-transfers. The reason of such behaviour of GW-correspondences (Witt-
correspondences) is Actually the same is true for any category of correspondences (ringoid) Corvirt
satisfying relation (2.8).
Given a ringoid Corvirt, let Shtr = Sh
tr
nis = Shnis(Corvirt) denote the category of sheaves
with Corvirt-transfers, i.e. additive functors Corvirt → Ab such that the restriction to a functor
Smk → Ab is a sheaf. In the rest of the section if we write the words ’correspondences’ and ’transfers’
with out a prefix we mean the Corvirt-correspondences and Corvirt-transfers.
Theorem 3.1. Suppose Corvirt is a ringoid such that equation (2.8) holds. Then Sh
tr
nis is abelian
and for any presheaf with Corvirt-transfers the associated Nisnevich sheaf and the cohomology
presheaves are equipped with Corvirt-transfers in a canonical way, and moreover, there is a nat-
ural isomorphism
ExtiShnis(Corvirt)(Ztr,nis(X), F ) = H
i
nis(X,F ),
for any sheaf with transfers F , where Ztr,nis(X) denotes the Nisnevich sheafification of the repre-
sentable presheaf Ztr(X) = Corvirt(−, X).
4similarly for Witt-transfers
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Definition 3.2. Denote by Pre the category of presheaves of abelian groups on Smk, and denote
by Shnis = Shnis(Smk) the category of Nisnevich sheaves on Smk. Similarly, we denote by Pre
tr =
Pre(Corvirt) the category of presheaves with Corvirt-transfers, i.e. additive functors Corvirt → Ab,
and as noted above we denote by Shtrnis = Shnis(Corvirt) the full subcategory of Pre
tr spanned by
such presheaves that are Nisnevich sheaves.
Definition 3.3. The morphism w : A• → B• in the derived categoryD−(Pre) orD−(Pre(Corvirt))
is called Nisnevich quasi-isomorphism or sheaf quasi-isomorphism iff the homomorphisms
hi(w) : hi(A•)→ hi(B•), i ∈ Z,
of the Nisnevich sheaves associated with cohomology presheaves (hi(A•) and hi(B•)) are isomor-
phisms. A complex A• in the category D−(Pre) or D−(Pre(Corvirt)) is called sheaf acyclic iff all
Nisnevich sheaves hi(A•) are zero.
Denote as D−nis(Pre(Corvirt)) the localisation of the category D
−(Pre(Corvirt)) in respect to
Nisnevich quasi-isomorphisms.
Remark 3.4. Let’s note also that we consider here bounded above derived categories, though the
reasoning works as well for unbounded derived categories.
Consider the adjunction Ltr : Pre ⊣ Pretr : Ftr , where Ltr is the left Kan extension and Ftr is
forgetful. Then by definition Ftr is exact, and the induced functor on the derived categories preserves
Nisnevich quasi-isomorphisms. We claim that the left derived functor Ltr = LLtr : D−(Pre) →
D−(Pre(Corvirt)) preserves Nisnevich quasi-isomorphisms.
To prove the claim we use the description of the Nisnevich acyclic complexes via the category
Loc of essential smooth local henselian schemes and the category CorLocvirt = Corvirt(Loc) of corre-
spondences between such schemes. Consider the diagram
(3.5) Pre
loc

Ltr // Pre(Corvirt)
loctr

Pre(Loc)
Lloctr // PreLoctr
D−(Pre)
loc

Ltr // D−(Pre(Corvirt))
loctr

D−(Pre(Loc))
L
loc
tr // D−(PreLoctr ),
where PreLoc = Pre(Loc) and PreLoctr = Pre(Corvirt(Loc)) are categories of presheaves on Loc and
Corvirt(Loc), loc and loctr are the restriction functors, which are exact, and Lloctr and Ltr are left
derived of Lloctr and Ltr.
The subcategories of Nisnevich acyclic objects in D−(Pre) and D−(Pre(Corvirt)) are exactly the
kernels of the functors loc and loctr. So the claim follows from the commutativity of the diagrams
above. In fact, the commutativity of the diagrams above is exactly what equation (2.8) states. We
realise this strategy with more details in the following sequence of lemmas.
Lemma 3.6. Suppose Corvirt is a ringoid such that equation (2.8) holds; then for any X ∈ Smk,
loc(Z(X)) =
⊕
x∈X
Z(Xhx ), loctr(Ztr(X)) =
⊕
x∈X
Ztr(X
h
x ),
where Ztr(X) = Corvirt(−, X).
Proof. The first equality follows from that for any morphism U → X , where U is local henselian,
there is a lift to a morphism U → Xhx . The second one is just a reformulation of equality (2.8). 
Lemma 3.7. Suppose Corvirt is a ringoid such that equation (2.8) holds; then the squares (3.5) are
commutative.
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Proof. Since the compositions Loc → SmS → Corvirt and Loc → CorLocvirt → Corvirt coincides, it
follows that loc ◦ Ftr = F loctr ◦ loctr, where Ftr and F
loc
tr are forgetful functors. The unit and counit
of the adjunctions Ltr ⊣ Ftr , Lloctr ⊣ F
loc
tr gives sequence on natural transformations
loctr ◦ Ltr ← L
loc
tr ◦ F
loc
tr ◦ loctr ◦ Ltr ≃ L
loc
tr ◦ loc ◦ Ftr ◦ Ltr ← L
loc
tr ◦ loc.
Denote the composition by ν : loc ◦Lloctr → loctr ◦Ltr. For a representable presheaves Z(X) we have
(Lloctr ◦ loc)(Z(X)) =
⊕
x∈X
(Ztr(X
h
x ))), loctr ◦ Ltr(Z(X)) = loc(Ztr(X))
and the morphism
ν(Z(X)) :
⊕
x∈X
(Ztr(X
h
x )))→ loc(Ztr(X))
is equal to the morphism which is defined by compositions with morphisms Xhx → X . By lemma
3.6 the last homomorphism is isomorphism, and so we get that ν is isomorphism on representable
presheaves. Now since any presheaf in Pre is a colimit of representable presheaves, the claim follows.
To prove commutativity of the right square let’s note that (1) representable presheaves are pro-
jective objects in categories of presheaves, (2) for any complex of presheaves there is representable
resolvent, (3) functors loc takes representable presheaves to representable ones; hence by the the-
orem about the derived functor of a composition of functors we have Lloctr ◦ loc = L(L
loc
tr ◦ loc),
loctr ◦ Ltr = L(loctr ◦ Ltr). 
Theorem 3.8. Suppose Corvirt is a ringoid such that equation (2.8) holds; then the functor Ltr : D−(Pre)→
D−(Pre(Corvirt)) is exact in respect to Nisnevich quasi-isomorphisms (or equivalently, Ltr takes
Nisnevich acyclic complexes in D−(Pre) to Nisnevich acyclic ones in D−(Pre(Corvirt))).
Proof. Subcategories of Nisnevich acyclic complexes in D−(Pre) and D−(Pre(Corvirt)) are exactly
preimages under the functor loc and loctr of the categories of acyclic complexes in Pre(Loc) and
PreLoctr . So the claim follows form the commutativity of the right diagram in (3.5) proved by lemma
3.7. 
Corollary 3.9. Suppose Corvirt is a ringoid such that equation (2.8) holds; then there is an ad-
junction
Lnistr : D
−(Shnis)⇌ D
−
nis(Pre(Corvirt)) : F
nis
tr
such that Fnistr takes a complex of presheaves with Corvirt-transfers to itself considered as a complex
of presheaves of abelian groups, and Lnistr (Z(X)) = Ztr(X).
Proof. Obviously we have adjunction Ltr : D−(Pre) ⇌ D−(Pre(Corvirt)) : Ftr, and by definition
Ltr(Z(X)) = Ztr(X) and Ftr takes a complex of presheaves with transfers to itself considered as a
complex of presheaves of abelian groups. Now since by def. 3.3 and theorem 3.8 the functors Ftr
and Ltr preserve Nisnevich acyclicity, the claim follows form (see [7, Appendix, lemma 6.5]). 
Corollary 3.10. Suppose Corvirt is a ringoid such that equation (2.8) holds; then for any X ∈ Smk
and a presheaf with transfers F there is a natural isomorphism
(3.11) Hom
D
−
nis
(Pre(Corvirt))
(Ztr(X), F [i]) = H
i
nis(X,F ).
Proof. 
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Thus we get the diagram
(3.12) D−(Pre)
Ltr //
lnis

D−(Pre(Corvirt))
ltrnis

Ftr
oo
D−(Shnis)
L
nis
tr //
D−nis(Pre(Corvirt))
Fnistr
oo
with both squares being commutative. Now using transfers defied by the functor Corvirt →
D−nis(Pre(Corvirt)) and equality (3.11) we can show that Sh
tr
nis is abelian andD
−
nis(Pre(Corvirt)) ≃
D−(Shtrnis).
Corollary 3.13. Suppose Corvirt is a ringoid such that equation (2.8) holds; then the category
Shtrnis is abelian and there is a reflection
Ltrnis : Pre(Corvirt)⇌ Shnis(Corvirt) : R
tr
nis
such that the right adjoint functor Rtrnis is the embedding functor, the left adjoint L
tr
nis is exact and
for any F ∈ Pre(Corvirt) the sheaf Ltrnis(F ) is canonically isomorphic to Fnis as a sheaf of abelian
groups.
Proof. Corollary 3.10 and the functor Corvirt → Pre(Corvirt)→ D−(Pre(Corvirt))→ D−(Shnis(Corvirt))
implies that for any F ∈ Pre(Corvirt) the sheaf Fnis is equipped with transfers in a natural way.
This defines the functor Ltrnis.
To prove that there is a reflexive adjunction Ltrnis ⊣ R
tr
nis it is enough to show that the canonical
morphism νF : F → Fnis is compatible with transfers, since this defies co-unit of the required
adjunction, while the unit is the identity idShnis(Corvirt). Diagram (3.5) leads to the commutative
square of Hom-groups
F (X)
νF
 
≃ // HomD−(Pre(Corvirt))(Ztr(X), F )

Fnis(X)
≃ // HomD−(Shnis(Corvirt))(Ztr(X), F ),
such that the left vertical arrow is the morphism νF and the right one is the morphism of presheaves
with transfers.
Now straightforward verification shows that formulas
KerShtr
nis
(f) = KerPretr (f), CokerShtr
nis
(f) = Ltrnis(CokerPre(Corvirt)(f)),
defines kernel and cokernel for any f : F1 → F2 ∈ Shnis(Corvirt). Then the forgetful functor
Fnistr : Sh
tr
nis → Shnis is exact. So since it is F
nis
tr conservative, it follows that Sh
tr
nis is abelian.
Finally, let’s note that functors LPrenis and F
Pretr
tr are exact. Whence, since F
Shtrnis
tr ◦ L
tr
nis =
LPrenis ◦ F
Pretr
tr : Pre(Corvirt)→ Shnis is exact, it follows that L
tr
nis is exact.

Lemma 3.14. There is an equivalence D−nis(Pre(Corvirt)) ≃ D
−(Shnis(Corvirt)), and the functor
D−(Pre(Corvirt)) → D−(Shnis(Corvirt)) induced by the exact functor Ltrnis is equivalent to the
functor lPre
tr
nis from diagram (3.12).
Proof. By corollary 3.13 the functor Ltrnis is exact. Hence it induces the functor on the derived
categories. It follows form definition 3.3 that Ker(Ltrnis) is the subcategory of Nisnevich acyclic
complexes in D−(Pretr). Whence Ltrnis can be passed throw a functor D
−
nis(Pre
tr)→ D−(Shtrnis).
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Conversely, the functor Rtrnis(f) form 3.13 induces the functor R
tr
nis(f) : K
−(Shtrnis)→ K
−(Pretr).
It follows form definition 3.3 that Rtrnis takes quasi-isomorphisms in D
−(Shtrnis) to Nisnevich-quasi-
isomorphisms in D−nis(Pre
tr). Hence this defines the inverse functor D−(Shtrnis) → D
−
nis(Pre
tr)5.

Theorem 3.15. Suppose Corvirt is a ringoid such that equation (2.8) holds; then the category of
sheaves with transfers Shnis(Corvirt) is abelian and
(3.16) ExtiShnis(Corvirt)(Ztr,nis(X), F ) = H
i
nis(X,F ).
Proof. It is already proven in corollary 3.13 that Shnis(Corvirt) is abelian, and since L
tr
nis(Ztr(X)) =
Ztr,nis(X), isomorphism (3.16) follows form isomorphism (3.11) via lemma 3.14. 
By corollary 3.13 the sheaves Ztr,nis(X) are equipped with GW-transfers in a natural way. This
gives a sense to formula of effective motives (1.2). Let’s show that the defined structure of transfers
on Ztr,nis(X) is the unique structure such that the canonical homomorphism Ztr(X) → Ztr,nis(X)
is a homomorphism of presheaf with transfers.
Proposition 3.17. Suppose Corvirt is a ringoid such that equation (2.8) holds; then for any presheaf
with Corvirt-transfers F there is a unique structure of a presheaf with transfers on Fnis such that
the canonical homomorphism ν : F → Fnis is a morphism of presheaves with transfers.
Proof. The existence is already proved in corollary 3.13. Let’s show the uniqueness. Let G1 and
G2 be a pair of presheaves with morphisms F
ηi
−→ Gi
τi
≃ Fnis, i = 1, 2, where ηi are morphisms in
Pre(Corvirt) and τi are isomorphisms in Pre such that τi ◦ ηi = ν. The claim is to prove that
τ1(G1(Φ)(τ
−1
1 (a))) = τ2(G2(Φ)(τ
−1
2 (a))) for any X,Y ∈ Smk, Φ ∈ Corvirt(X,Y ), and a ∈ Fnis(Y ).
Let v : V → Y be a Nisnevich covering and let a˜ ∈ F (V) : ν(a˜) = v∗(a). It follows form equality
(2.8) that there is a Nisnevich covering u : U → X and Φ˜ ∈ Corvirt(U ,V) such that v ◦ Φ˜ = Φ ◦ u ∈
Corvirt(U , Y )). Then
u∗(Gi(Φ)(τi(a))) = Gi(Φ)(τi(v
∗(a))) = Gi(Φ˜)(ηi(a˜)) = ηi(F (Φ˜)(a˜)),
and whence
u∗(τ−11 (G1(Φ)(τ1(a)))) = τ
−1
1 (u
∗(G1(Φ)(τ1(a)))) = τ
−1
1 (ηi(F (Φ˜)(a˜))) = ν(F (Φ˜)(a˜)).
Now since v is a Nisnevich covering and homomorphism v∗ : Fnis(Y ) → Fnis(V) is injective, the
claim follows. 
We finish the section by the following
Corollary 3.18. Suppose Corvirt a ringoid such that equation (2.8) holds; then the subcategory of
Nisnevich-acyclic complexes in D−(Pretr) is the thick subcategory generated by complexes
(3.19) Tot(Ztr(N )) = [· · · → 0→ Ztr(U˜)→ Ztr(U)⊕ Ztr(X˜)→ Ztr(X)→ . . . ]
for all Nisnevich squares N :
(3.20) U˜ //

X˜

U // X
5Note that Rtrnis doesn’t induce a functor D
−(Shtrnis)→ D
−(Pretr).
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Proof. We deduce the claim form the similar statement for the category of presheaves without
transfers.
Let T and T tr be localising subcategories in D−(Pre) and D(Pretr) generated by complexes
(3.19). The claim is equivalent to that HomD−(Pretr)/T tr (Ztr(X), F
•) = 0 for any Nisnevich acyclic
complex F • ∈ D−(Pretr) and any smooth scheme X .
It follows from the definition that Ltr(T ) = Ltr(T ) ⊂ T tr, and it follows form theorem 3.8 that
Ftr(T GW ) ⊂ T . So the adjunction Ltr ⊣ Ftr induces the adjunction
Ltr : D
−(Pre)/T ⇌ D−(Pretr)/T tr : Ftr,
and for any X ∈ Smk and F • ∈ D−(Pretr) we have
(3.21) HomD−(Pretr)/T tr (Ztr(X), F
•) = HomD−(Pre)/T (Z(X), Ftr(F
•)).
Hence if F • is Nisnevich-acyclic, then Ftr(F
•) is Nisnevich-acyclic by definition, and it follows that
the right side of (3.21) is zero, since the family of complexes Tot(Z(N )) generates T ([7, Appendix,
proposition 6.6]). (The complex Tot(Z(N )) is defined like complex (3.19) with Z(−) instead of
Ztr(−).) 
4. Categories of GW- and Witt-motives.
Since as noted in the introduction any homotopy invariant Nisnevich excisive cohomology theory
with the transfers defined by a ringoid Corvirt should be passed throw the category of effective
motives, it is natural to define the category of Corvirt-motives as follows:
Definition 4.1. Given a base scheme S, and a ringoid Corvirt over S, define a categoryDM
Corvirt,l
eff,−
with a functor lA1,nis : D
−(Pretr)→ DMCorvirt,leff,− as the localisation in respect to morphisms of the
form Tot(Ztr(N )) → 0 for all Nisnevich squares N (see (3.19), (3.20)) and morphisms of the form
X × A1 → X , X ∈ SmS. The functor MCorvirt : Smk → DM
Corvirt
eff,− given by lA1,nis(Ztr(−)) is
called as effective motive of smooth schemes.
In this section we define the tensor structure onDMCorvirt,leff,− . Formally the construction presented
here differs from the construction from [17] for the original case of DM(k), but these constructions
lead to the same resulting tensor structure.
The tensor product functor is defined according to the following diagram
Smk × Smk
−×−

// (Pretr)×2
−⊗
Pre
−

// D−(Pretr)×2
−⊗
D
−

// DMCorvirt,leff,− (k)
×2
−⊗
DM
−

Smk
ZGW // Pretr // D−(Pretr)k
l
nis,A1 // DMCorvirt,leff,− (k)
where each next vertical arrow satisfies the left universal property (a left Kan extension or a left
derived functor). More precisely, let’s give the following definition:
Definition 4.2. 1) The functor ⊗Pre is the left Kan extension of the functor (X,Y ) 7→ Ztr(X ×Y )
with respect to the functor Sm2k → (Pre
tr)×2. Precisely, the functor ⊗Pre can be defined by the
formula
F1 ⊗F2 = lim−→
SF1,F2
Ztr(U1 × U2), SF1,F2 = {(a1, a2, U1, U2) : a1 ∈ F(U1), a2 ∈ F(U2)},
SF1,F2((b1, b2, V1, V2), (a1, a2, U1, U2)) = {(f1, f2)|fi ∈ Corvirt(Vi, Ui), bi = f
∗
i (ai), i = 1, 2}.
2) Consider the projective model structure on K−(Pretr) and corresponding model structure
on K−(Pretr)2. Define ⊗D as the left derived functor to the functor ⊗Pre that is section-wise
application of ⊗Pre. Precisely, the functor ⊗D is given by the formula (A•, B•) 7→ Tot(A˜•, B˜•),
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where A˜• → A• and B˜• → B• are quasi-equivalences such that A˜• and B˜• are complexes with
terms being direct sums of representable presheaves, in particular we can use representable resolvents
produced by iterating of the procedure from the previous point.
The functor ⊗DM can be defined in a same way (as derived functor), but, indeed, the functor ⊗D
preserves Nisnevich- and A1-quasi-isomorphisms and so it just defines a functor on the localisations.
Proposition 4.3. The functor ⊗D is exact in respect to the localisation
lA1,nis : D
−(Pre(Corvirt))→ DM
Corvirt,l
eff,− ,
and
MCorvirt(X)⊗DM MCorvirt(Y ) = MCorvirt(X × Y ),
where ⊗DM : (DMCorvirt,leff,− (k))
2 → DMCorvirt,leff,− (k) denotes the induced functor.
Proof. Since representable presheaves Ztr(X) for X ∈ Smk are projective objects in Pretr, it follows
that Ztr(X)⊗D Ztr(Y ) = Ztr(X×Y ). So since the functors −×X and X×− preserves morphisms
of the form A1 × U → U and Nisnevich squares, the claim follows. 
Using the tensor structure on the category DMCorvirt,leff,− we can define the category of (non-
effective) Corvirt-motives DM
Corvirt .
Definition 4.4. We define Gm
∧1 = Cone(pt
1
→֒ Gm) , Gm
∧k = (Gm
∧1)⊗k , and for any A• ∈
DWeff (k), we denote A
•(n) = Gm
∧k ⊗A•.
Definition 4.5. Define the category of (non-effective) motives DMCorvirt,−(k) by inverting of −⊗
G∧1m in DM
Corvirt,l
eff,− (k). So objects of DM
Corvirt,l
eff,− (k) are M(n) where M ∈ DM
Corvirt,l
eff,− (k) and n ∈
Z, andHom(M1(n1),M2(n2)) = lim−→
i∈Z
(M1⊗Gm
∧i+n1 ,M1⊗Gm
∧i+n2). A functor Σ∞Gm : DM
Corvirt,l
eff,− (k)→
DMCorvirt,−(k) takes a motivic complex M to the spectrum M(0).
Definition 4.6. Define the category of (non-effective) motives DMCorvirt,−(k) as the homotopy
category of G∧1m spectra over the category DM
Corvirt,l
eff,− (k)
So firstly consider the category SpGm(DM
Corvirt,l
eff,− (k)) with objects being sequences
E = (E•0 , s0, E
•
1 , s1, . . . , E
•
n, sn, . . . ), E
•
i ∈ DM
Corvirt,l
eff,− (k), si ∈ HomDMCorvirt,l
eff,−
(k)
(E•i (1), E
•
i+1)
and Hom
SpGm (DM
Corvirt,l
eff,−
(k))
(E,F ) = lim
−→i
Hom
DM
Corvirt,l
eff,−
(k)
(Ei, Fi) for any E = (E0, . . . , Ei, . . . )
and F = (F0, . . . , Fi, . . . ). Now define the categoryDM
Corvirt,−(k) as the localisation of the category
SpGm(DM
Corvirt,l
eff,− (k)) in respect to the localizing class of morphisms f : E → F ∈ DM
Corvirt,l
eff,− (k)
such that for any X ∈ Smk the morphism f induces isomorphisms
Hom(MGWeff (X), E) ≃ Hom(M
GW
eff (X), F ).
A functor Σ∞Gm : DM
GW
eff (k) → DM
GW (k) takes a motivic complex E• to the spectrum with
terms E•(i) and homomorphisms idE•(n).
5. Effective motives of smooth varieties
It follows form lemma 3.14 and definition 4.1 that if a ringoid Corvirt satisfies condition (2.8),
then the category of effective motivesDMCorvirt,leff,− is equal to the localisation ofD
−(Shtrnis) in respect
to morphisms of the form X × A1 → X .
Moreover, if we assume in addition that Corvirt satisfies the strictly homotopy invariance axiom:
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(SHI) for any homotopy invariant presheaf F ∈ Pretr the presheaves hinis(Fnis) are hom. inv. for
all i ≥ 0,
then the category DMCorvirt,leff,− is equivalent to the full subcategory DM
Corvirt,r
eff,− of D
−(Shtrnis)
spanned by motivic complexes. The category DMCorvirt,reff,− can be considered as the computation
for DMCorvirt,leff,− , since hom-groups in DM
Corvirt,r
eff,− are equal by definition to the hom-groups in the
derived category D−(Shtrnis), which are simpler for computations.
Let’s note also that the equivalence DMCorvirt,leff,− ≃ DM
Corvirt,l
eff,− follows from the original methods
of the work [22] or form the general technique presented in [13]. But we present here another
proof of this result via the semi-orthogonal decompositions on D(Pretr), since the additional and
intermediate results in our proof are also useful for the aim of the cancellation theorem for GW- and
Witt-correspondences, which as noted above is not the content the of this article nevertheless.
Informally, the reason why the strictly homotopy invariance axiom yields that DMCorvirt,reff,− ≃
DM
Corvirt,l
eff,− is that it implies some coherence of two structures combined in the category of effective
motives, namely, Nisnevich topology and the structure of category with interval on Smk induced
by A1; in terms of semi-orthogonal decompositions the ”coherence” above means, in fact, that the
Nisnevich topology and the ’action’ of affine line induce compatible semi-orthogonal decompositions
on D(Pretr). We refer reader to [18] and [19] for the used facts about localisations and semi-
orthogonal decompositions in triangulated categories.
Consider the endo-functor F 7→ F (− × A1) on the abelian category Pretr. Since it is exact,
it induce the endo-functor on the derived category D−(Pretr). Let’s denote this end-functor as
Hom(A1,−); denote by s0 : S → Id, s1 : S → Id the natural transformations induced by the in-
clusions pt →֒ A1 by zero and unit points respectively; and denote by p : Id → S the natural
transformation induced by the canonical projection A1 → pt.
Definition 5.1. An object A• ∈ D−(Pre(Corvirt)) is called A1-invariant whenever the morphism
p(A•) : A• → S(A•) is isomorphism, and A• is called A1-contractable whenever there is a morphism
h : A• → S(A•) such that s0 ◦ h = idA• and s1 ◦ h = 0.
Let D−
A1−inv(Pre
tr) ⊂ D−(Pre(Corvirt)) be the full triangulated subcategory spanned by ho-
motopy invariant objects, and D−
A1−contr(Pre
tr) ⊂ D−(Pre(Corvirt)) be the thick subcategory
generated by A1-contractable objects.
Lemma 5.2. Suppose A• ∈ D−
A1−inv(Pre
tr) and B• ∈ D−
A1−contr(Pre
tr), then
HomD−(Pretr)(B
•, A•) = 0.
Proof. It is enough to consider the case of B• being A1-contractable. Since A• is A1-invariant object,
we have s0(A
•) = s1(A
•) : S(A•)→ A•. On other side since B• is A1-contractable object, it follows
that there is a morphism
h ∈ HomD−(Pretr)(B
•,S(B•) : s0(B
•) ◦ h = id, s1(B
•) ◦ h = 0.
Hence for any f ∈ HomD−(Pretr)(B
•, A•)
f = f ◦ s1(B
•) ◦ h = s0(A
•) ◦ S(f) ◦ h = s1(A
•) ◦ S(f) ◦ h = f ◦ s0(B
•) ◦ h = 0.
S(B•)
s1

s0

S(f) // S(A•)
s1

s0

B•
h
OO
f // A•

Next let’s give the following standard definition.
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Definition 5.3. Let’s denote by ∆ the simplicial scheme with
∆n = Speck[x0, x1, . . . , xn]/(x0 + x1 + . . . xn − 1)
en,i : (x0, x1, . . . , xn) 7→ (x0, . . . , xi, 0, xi+1, . . . , xn)
dn,i : (x0, x1, . . . , xn) 7→ (x0, . . . , xi + xi+1, . . . , xn).
Denote by pt the complex concentrated in the term zero degree with group of chains being Ztr(pt),
and denote
pt• = [Ztr(pt)
id
−→ Ztr(pt)
0
−→ Ztr(pt)
id
−→ . . .
0
−→ Ztr(pt)
id
−→ Ztr(pt)
0
−→
deg 0
Ztr(pt)→ 0→ 0 . . . ].
The embedding pt→ pt• is quasi-isomorphism.
Denote the endofunctor
C∗ = HomD−(Pretr)(∆
•,−) : D−(Pre(Corvirt))→ D
−
A1−inv(Pre
tr)
that takes the complex with terms being presheaves Ai(−) to the complex with terms Ai(∆i ×−).
Remark 5.4. The functors Hom(A1,−), Hom(∆i,−), and Hom(∆•,−) above, indeed, are the in-
ternal Hom-functor in the categories Pretr and D−(Pretr);
Theorem 5.5. Suppose Corvirt as any ringoid over a base S; then
1) the subcategory D−
A1−inv(Pre
tr) is the full subcategory spanned by complexes with homotopy in-
variant cohomologies, it is the thick subcategory generated by homotopy invariant presheaves;
2) the subcategory D−
A1−contr(Pre
tr) is the full subcategory of D−(Pretr) spanned by complexes
quasi-isomorphic to complexes of A1-contractable presheaves; and it is is the thick subcategory
generated by presheaves Ztr(A
1 ×X)/Ztr(X) for all X ∈ Smk.;
3) there is the semi-orthogonal decomposition
D−(Pretr) = 〈D−
A1−inv(Pre
tr),D−
A1−contr(Pre
tr)〉;
the left adjoint functor to the embedding D−
A1−inv(Pre
tr)→ D−(Pretr) is defined by the functor
C∗ (def. 5.3).
Proof. Denote C = D−(Pretr), A = D−
A1−inv(Pre
tr), B = D−
A1−contr(Pre
tr).
1) Since the functor HomPretr (A
1,−) is exact, it follows that
hi(HomC(A
1, C•)) = hi(HomPre(Corvirt)(A
1, C•)) = hi(C•).
Whence homotopy invariant objects of C are complexes with homotopy invariant cohomologies. The
last statement in the point 1 follows form that any complex inD−(Pretr) is contained in the category
generated by its terms via direct sums and cones.
2a) Any complex B• ∈ C with terms contractable presheaves is an object of the subcategory B,
since A1-contractable presheaves are A1-contractable objects in C, and any complex is generated by
its terms via (infinite) direct sums and cones.
3a) Lemma 5.2 implies that HomC(B
•, A•) = 0 for all B• ∈ B and A• ∈ A. To get the semi-
orthogonal decomposition it is enough to show that for any C• ∈ C there is a distinguished triangle
B• → C• → A• with B• ∈ B, A• ∈ A.
Consider the endo-functor C∗ = HomC(∆•,−) on D−(Pretr). Let ε′ : C∗ → idC denote the com-
position of natural transformations C∗
ε
←− HomC(pt
•,−) ≃ idC induced by morphisms of simplicial
objects ∆• → pt•
∼
−→ pt. Then for any complex C• there is the distinguished triangle
(5.6) Cone(ε)[1]→ C•
ε′
−→ C∗(C•)→ Cone(ε).
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The standard simplicial splitting of the cylinders ∆i × A1 defines the A1-homotopy between zero
and unit sections s0, s1 : C
∗(C•) → Hom(A1, C∗(C•)), and hence C∗(C•) ∈ A. On other side
Cone(ε) ∈ B, since it is isomorphic to
Tot(· · · → HomPretr (Ztr(∆
i)/Ztr(pt), C
•)→ · · · → 0),
and presheaves Ztr(∆
n)/Ztr(pt) are A
1-contractable, because of linear homotopy of affine simplexes
A1 ×∆n → ∆n : (λ, x0, x1, . . . , xn) 7→ (x0 + λ
∑˙
ixi, (1− λ)x˙1, . . . , (1 − λ)x˙n).
3b) Since the third term in the triangle (5.6) is C∗(C•), it follows that C∗ defined the left adjoint
to the embedding.
2b) It follows form triangle (5.6) that for any B• ∈ B the morphism Cone(ε(B•)[−1] → B• is
quasi-isomorphism, and as was mentioned above Cone(ε(B•) is a complex of contractable presheaves.
Hence B• is quasi-isomorphic to a complex with contractable terms.
2c) Let B′ be the thick subcategory in C generated by presheaves Ztr(A1×X)/Ztr(X). Applying
the standard construction we get a right adjoint functor to the embedding functor B′ ⊂ C. Namely,
consider the natural sequence for any presheaf F ∈ Pretr
· · · // Pi //
εi

Pi−1 //
εi−1

· · · // P1 //
ε1

P0 //
ε

0
· · · Fi
.

==④④④④④④④④
Fi−1
.

==③③③③③③③③③
· · · F1
>>⑦⑦⑦⑦⑦⑦⑦⑦
F
@@        
,
where
Pi =
⊕
U∈Smk,s∈Fi(A1×U) : jU0 (s)=0
Ztr(A
1 × U)/Ztr(U),
εi(U,s) : Ztr(A
1 × U)/Ztr(U) ≃ cokerPretr (j0)
s
−→ Fi
jU0 : 0× U →֒ A
1 × U , jU1 : 1× U →֒ A
1 × U , Fi = ker(εi), F0 = F .
If F ∈ B, then C∗(F ) is acyclic, and in particular, h0(C∗(F )) = 0. Hence h0(C∗(F )) = coker(ε),
and ε is surjective. Since Ztr(A
1 × X)/Ztr(X) ∈ D
−
A1−contr(Pre
tr) and ε is surjective, F1 =
Cone(ε)[1] ∈ B. Then by induction we get that for all integer i the homomorphisms εi are sur-
jective and Fi ∈ D
−
A1−contr(Pre
tr). Thus first row of the diagram above gives resolvent of F .
So any contractable F is naturally quasi-isomorphic to a complex in B′. Hence via totalization
we get the same for any complex B• ∈ B. 
Theorem 5.7. Suppose a ringoid Corvirt satisfies the strictly homotopy invariance axiom and
condition (2.8); then there is a semi-orthogonal decomposition
D−(Shtrnis) = 〈D
−
A1−inv(Sh
tr),D−
A1−contr(Sh
tr)〉
such that
1) the subcategory D−
A1−inv(Sh
tr) is the full subcategory spanned by complexes with homotopy invari-
ant sheaf cohomologies, and it is the thick subcategory generated by homotopy invariant sheaves;
2) the subcategory D−
A1−contr(Sh
tr) is the full subcategory of D−(Shtrnis) spanned by complexes Nis-
nevich quasi-isomorphic to complexes of A1-contractable presheaves, and it is the thick subcate-
gory generated by sheaves Ztr,nis(A
1 ×X)/Ztr,nis(X) for all X ∈ Smk;
3) the functor C∗ (def. 5.3) is exact in respect to the Nisnevich localisation and induces the left
adjoint functor to the embedding D−
A1−inv(Sh
tr)→ D−(Shtrnis).
Proof. Let D−
A1−contr(Sh
tr) = B ⊂ D−(Shtrnis) and D
−
A1−inv(Sh
tr) = A ⊂ D−(Shtrnis) be the images
of D−
A1−contr(Pre
tr) and D−
A1−inv(Pre
tr) under the Nisnevich localisation. The theorem 5.5 and
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strictly homotopy invariance axiom implies that
HomD−(Shtr
nis
)(Ztr,nis(A
1 ×X)/Ztr,nis(X), Fnis[i]) = 0, i ∈ Z,
for X ∈ Smk, and homotopy invariant F ∈ Pretr, and consequently we have
HomD−(Shtr
nis
)(B
•, A•) = 0, B• ∈ B, A• ∈ A.
This yields the semi-orthogonal decomposition D−(Shtrnis) = 〈B,A〉 and that C
∗ defies the left
adjoint to the embedding A → D−(Shtrnis).
Now, since the localisation functor D−(Pretr)→ D−(Shtrnis) takes a presheaf F ∈ Pre(Corvirt)
to the sheafification Fnis (see corollary 3.13), since by the strictly homotopy invariance axiom the
sheafification of a homotopy invariant presheaf is homotopy invariant, and since the sheafification
of Ztr(X × A1)/Ztr(X) is Ztr,nis(X × A1)/Ztr,nis(X), the points 1 and 2 follows. 
Finally, since GWCork and WCork over an infinite prefect field k satisfy strictly homotopy
invariance axiom by theorem 2.6, we can deduce the the main result of the article. Indeed this is a
reformulation of the previous theorem, and so the following theorem is true for any Corvirt satisfying
strictly homotopy invariance axiom and condition (2.8).
Theorem 5.8. Suppose the base filed k is prefect and chark 6= 2; then
1) the category of effective GW-motives DMGWeff,− over k is equivalent to the full subcategory in the
bounded above derived category D−(Shnis(GWCor)) of the category of Nisnevich sheaves with
GW-transfers spanned by motivic complexes, i.e. complexes A• ∈ D−(Shnis(GWCor)) with
homotopy invariant sheaf cohomologies hi(A•).
2) Under the identification from the previous point for any X ∈ Smk GW-motive MGWeff (X) is
naturally isomorphic to the complex
MGWeff (X) = Hom(∆
•,Ztr,nis(X)) =
[· · · → GWCornis(− ×∆
i, X)→ · · · → GWCornis(−, X)].
3) there is natural isomorphism
Hom
DM
GW
eff,−
(MGWeff (X), F [i]) ≃ H
i
nis(X,F )
for all i ≥ 0, X ∈ Smk, and homotopy invariant sheaf with GW-transfers F .
And similarly for Witt-motives.
Proof. 1, 2) It follows from theorem 5.7 that DMGWeff,− ≃ D
−
A1
(Shnis(GWCor)) and there is a reflec-
tion D−(Shnis(GWCor)) : lA ⊣ iA : DM
GW
eff,−, where the reflector lA is equivalent to the localisation
functor in respect to morphisms of the form X × A1 → X , right adjoint iA is equivalent to the
embedding of the full subcategory spanned by motivic complexes, and the composition iA(lA(−)) is
equal to the functor C∗ = HomD−(Shnis(GWCor))(∆
•,−).
3) The adjunction isomorphism of the pair A ⊣ iA with the isomorphism from theorem 3.15 yields
the claim. 
Remark 5.9. Theorems 5.5 and 5.7 or 5.8 give the second square in the diagram 1.8.
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